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Introduction. 

§ 1. While the observational study of terrestrial magnetism is receiving ever more 
and more attention, and being rewarded with success by the acquisition of new and 
important data, the theoretical side of the subject shows a much less rapid advance. 
The search for a physical theory of the earth^s magnetism and its changes is 
fascinating but elusive. Perhaps in one case only-^ — that of Schuster's important 
theory"^ of the diurnal variations of the magnetic state of the earth — has there been 
put forward a clearly outlined theory which promises to explain the real mechanism 
of any magnetic phenomenon. 

On this theory, the solar diurnal variations are attributed to the action of electro- 
motive forces produced in masses of conducting air in the upper atmosphere, by their 
motion across the permanent magnetic field of the earth. The magnetic field of the 
resulting electric currents is identified with that which produces the observed diurnal 
changes. Sohustek has shown that if the motion of the air is taken to be sub- 
stantially that which is indicated by the barometric variations, the atmosphere being 
supposed to oscillate as a whole, the conductivity required by the theory is not 
unreasonable, considering the ionization of the tenuous upper atmosphere by ultra- 

* * Phil. Trans.,' A, vol. 208, p. 163. 
VOL. COXIII.— A 503. Publislied separately, August 22, 1913. 
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violet radiation from the sun/^ The fundamental assumptions are in accordance with 
Schuster's demonstrationt that the magnetic variations are principally due to a 
system of currents above the earth's surface. In order to explain the relative 
magnitudes of the diurnal and semi-diurnal terms in the magnetic potential, it is 
necessary to suppose that the. conductivity of the atmosphere varies with the solar 
hour angle, which is certainly a priori probable : the great excess of the summer 
variation over the winter variation is unexplained, however, as the usual rapid rate 
of recombination of ions makes it difficult to believe that the solar ionization is slowly 
cumulative. 

There is at present much uncertainty as to the numerical constants of the potential 
of the magnetic field responsible for the solar diurnal variations, as the only two 
calculations yet madej show serious disagreement. A new determination of this 
potential is now in progress at the Eoyal Observatory, Greenwich. Whatever be the 
result of this calculation, however, there will remain several important features of the 
phenomenon which require explanation — in particular, the seasonal changes. By 
the elucidation of these difficulties, terrestrial magnetism may throw light on the 
ionization of the upper atmosphere. The variables at disposal in the theory are, 
unluckily, too numerous to get very definite knowledge of any one of them from a 
single source, and therefore it is peculiarly fortunate that there is a kindred but 
independent set of phenomena, produced by the moon jointly with the sun, which 
promises very valuably to supplement the knovN?^ledge furnished by the solar diurnal 
variations. It should be specially instructive to compare the seasonal changes of the 
two sets of phenomena. 

§ 2. The general outlines of this paper may be briefly indicated here. The principal 
known facts regarding the lunar magnetic variation are first summarized, and it is 
shown that, so far as they go, they seem most easily explicable in the manner 
proposed by Schuster for the solar diurnal variations. Nothing in the nature of a 
proof is yet possible however. Some new facts, deduced by harmonic analysis of 
existing material for the lunar variation at the separate phases of the moon, are then 
described, and it is pointed out how they confirm the hypothesis of the variable 
conductivity of the atmosphere in a very direct way, and provide a powerful means 
of quantitatively investigating the changes of the conductivity. The details of the 
calculation, of these new harmonic terms in the lunar variation, and the actual tables 
of results, are collected in Part III. of the paper. In order to discuss the bearing of 
these observational results on the theory, it is necessary to extend Schuster's 
calculation of the efiect of an atmospheric oscillation, under the influence of the 
earth's radial magnetic forces and the variable conductivity of the air, in producing 

* That there is a highly conducting layer in the upper atmosphere is also indicated by the bending of 
electric waves round the earth. 

t ' Phil. Trans./ A, vol. 180, p. 467. 

X SCHIJSTER, ^Phil. Trans.,' A, vol. 180, p. 467; and Fritsche, St. Petersburg, 1902. 
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magnetic diurnal variations. The calculations are given in Part 11. , in a very general 
form ; the work is in some respects simpler and more direct than in Schuster^s 
investigation, owing to the adoption of the resistivity, instead of the conductivity, 
as the variable. The formal results (which as yet, however, are at a somewhat 
incomplete stage) are reduced to numerical form and compared with the observed 
data. The whole of the discussion is collected in Part I., and it is shown that the 
fourth harmonic component of the lunar variation favours the assumption that the 
atmospheric conductivity may fall to a very small value during the night hours. 
The question of the seasonal variations, as affecting both the solar and lunar effects, 
is barely touched on, since though it arises naturally from the calculations in Part II., 
better observational material is necessary to realize the proper use of the theoretical 
work. A fuller discussion is reserved therefore till the new determination of the 
potential of the solar variation, already mentioned, is completed. 

Paut I. — General Discussion. 

§ 3. The magnetic elements show regular periodic changes depending on the lunar 
hour angle, just as on the solar hour angle : the latter variations are considerably the 
greater of the two, and almost entirely mask the lunar variations. Kreil,^ of 
Prague, in 1841, first established the existence of these changes, and since then a 
very limited number of investigators t have confirmed and extended Kreil's 
discovery. Owing to the nearly , equal length of the solar and lunar days, the 
separation of the two effects involves considerable rearrangement of the observed 
data as usually tabulated, and the smallness of the lunar variation renders it 
necessary to deal with a large quantity of material in order to eliminate accidental 
errors. The determination of the lunar diurnal variation for the three magnetic 
elements at a single station is therefore a laborious undertaking, and hardly any 
observatory, as yet, includes such an examination of its observations in its scheme of 
work. If the potential of the magnetic field producing these variations is to be 
found, however, they must be computed not merely for one, but for several stations, 
well distributed on the earth's surface. This formidable task w^ould be much 

■^ Bohemian Society of Sciences, 1841. 

t Broun, ' Trevandrum Observations,' L, 1874; Chambers, 'Phil. Trans.,' A, vol. 178, p. 1 (1887); 
* Batavian Observations,' Bergsma and van der Stok, vols. I., Ill, IX., X., XVI., also ' Proc. Koy. 
Acad./ Amsterdam, IV., 1887, and 'Archives Neerlandaises,' XVL ; Figee, 'Batavian Observations,' 
XXVI., 1903; Lamont, ' Sitz. d. K. Akad. d. Wiss.,' 1864, t. 11, 2, Munich. Sabine, 'Phil Trans.,' 
1853, 1856, 1857; 'Eoy. Soc. Proc.,' X., 1859-1860. 

Also the published observations at St. Helena, Toronto, Hobarton, and Cape of Good Hope (edited by 
Sabine), and at Melbourne, Dublin, and Philadelphia. Also Airy, ' Greenwich Observations,' 1859 
and 1867. 

Also Moos, 'Bombay Magnetic Observations,' 1846-1905, vol. II. (1910); and VAN Bemmelen, ' Met. 
Zeitschr.,' May, 1912. 

YOL. CCXIII. — A. 2 O 
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expedited if various observatories would undertake the reduction of their own data 
on a uniform plan, and it is partly in the hope that some may be induced to co-operate 
in this work that the present preliminary paper has been written. 

§ 4. When determined from the mean of a number of whole lunations, the lunar 
diurnal variation is found to be always of the same character, for every element and 
at every station : it consists solely of a very regular semi- diurnal oscillation. Other 
harmonic components of relatively small amplitude may be present, but their lack of 
regularity and consistency proves them to be accidental inequalities which are no real 
part of the phenomenon. This simplicity makes it probable that the lunar diurnal 
variation will be easier to explain than the solar diurnal variation. 

Schuster's theory of the latter naturally suggests that the former is due to the 
lunar tidal oscillations of the atmosphere. These oscillations have very little effect 
upon the barometer, the ordinary diurnal barometric variation being a thermal and 
not a tidal effect ; but a lunar barometric tide does exist, and has been evaluated 
with a considerable degree of accuracy at some tropical stations (St. Helena, 
Singapore, and Batavia).^ The explanation gains weight from the fact that at 
perigee the lunar magnetic variations are of distinctly greater amplitude than at 
apogee, t and there is some evidence that the ratio of the amplitudes at the two 
seasons is that which would be predicted by the tidal theory (1*23), though the 
observational results do not suffice, as yet, to establish this definitely. 

§ 5. Dr. VAN Bemmelen, at Batavia, has recently collected all the existing 
determinations of the lunar magnetic variation for different stations, and has 
examined this material, together with newly computed data for other stations, to see 
whether the magnetic field which produces these effects has a potential, and whether 
the latter has its source above or below the earth's surface.^ He finds that most of 
the field, at any rate, has a potential, and that this arises partly above and partly 
below the earth's surface, but that the internal field is too great to be merely a 
secondary induction effect. This result should be accepted with some reserve, at 
present, not only on account of the imperfections of the data, but also because the 
seasonal change of the variations was disregarded ; in certain elements at some 
stations the summer and winter variations are of opposite sign, and this renders it 
unsafe to take the mean variation for the whole year. At many stations, 
unfortunately, the data so far computed apply only to the whole year, so that if this 
material was to be used, no course was possible save to adopt the mean of the year 
for all. One important result of van Bemmelen's work was to show that the 
principal term in the potential of the lunar variation field was of the form Qg^ (in the 
usual language of harmonic analysis, a tesseral harmonic of the second kind and third 

■^' Sabine, 'Phil Trans.,^ 1847; 'Batavian Observations,' 28 (1905). 

t See ' Trevandmm Observations' (Broun), vol. I, p. 137, and Sabine's and Figee's discussions 
already cited. 

t ' Met. Zeitschr./ May, 1912. 
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degree). This is in accordance with the theory that the lunar atmospheric tide is the 
main cause of the phenomenon, although, of course, it does not prove this to be 
the case. 

§ 6. So far reference has been made entirely to the lunar variation as determined 
from a number of whole lunations, as has been generally done (the exceptions are 
Trevandrum, Bombay, and Batavia). It will be remembered that Schuster's theory 
of the solar diurnal variation involved the hypothesis of a variable conductivity 
depending on the sun's hour angle. This should, of course, also affect the electric 
currents which arise from the lunar atmospheric tide, and so make the lunar magnetic 
variations depend on the sun as well as on the moon. In the course of a lunation, 
however, the angle between the sun and moon, viewed from the earth, changes from 
to 27r, and the mean lunar variation for such a period cannot be expected to show 
any special dependence on solar time. At any particular lunar phase, however, the 
solar day hours, during which (over a given part of the earth) the atmospheric 
conductivity is greatest, occur at a definite part of the lunar day, this part changing 
with the lunar phase ; and it has, in fact, been found^ that the lunar variation 
determined from the mean of a number of days all at the same lunar phase is not of 
the semi-diurnal form. The variation curve goes through a regular cycle of change 
with lunar phase, in such a manner as to leave the mean variation over a whole 
lunation of the simple form already described. The magnetic needle is most mobile 
during the day hours : at certain seasons of the year, Broun found that the 
amplitude of the lunar diurnal variation of magnetic declination at Trevandrum was 
five times as great during the solar day hours as during the night hours, t These 
facts clearly show that the conductivity of the medium in which the electric currents 
flow to produce the lunar magnetic variation depends on the position of the sun ; and 
since it is unreasonable to suppose that the mechanisms concerned in producing 
the lunar and solar diurnal magnetic variations are materially different, the 
assumption of variable conductivity in Schuster's theory is confirmed in a very 
definite and independent way ; in Schuster's discussion two barometric oscillations, 
diurnal and semi-diurnal, were concerned, and it was necessary to explain why the 
resulting magnetic variations, deduced on the assumption of uniform conductivity, 
did not bear the proper ratio to one another. This might be because the conductivity 
was not uniform, or because the ratio of the two oscillations was different in the 
upper regions of the atmosphere from that indicated by the barometer. This latter 
uncertainty is absent in the case of the lunar variations, where there is only a single 
barometric oscillation, from which arise magnetic variations of other periods, 
depending on the solar hour angle. 

§ 7. In order to examine the effect of this variable conductivity, it is natural to 
determine the harmonic components of the lunar diurnal variation for different lunar 

* By Broun, Chambers, Figee, and Moos in the investigations already cited, 
t * Trevandrum Observations,' vol. I., p. 121. 

^ (j Jj 
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phases, but (rather strangely) this has only once been done hitherto, and then 
without result."^ CuAMBERst obtained an analytical expression for the variation and 
its dependence on phase, which satisfactorily represents the observations, but it is 
not of a simple character. His formula was 

fa,2{~h) cos 2 (-yt^ +/.,2 W sin 2 (-^^ 

where h is the hour of the solar day, P is the mean period of a lunation in solar days, 
and t is the age of the moon in solar days ; f^,^ 2 (h) and f^^ 2 (h) are the observed 
variations at new moon and one-eighth phase respectively. This formula, it will be 
noticed, expresses the lunar variation as, in reality, a solar diurnal variation {h, the 
solar time, being the variable) which merely runs through a cycle of change depending 
on the age of the moon. This, in fact, was Chambers' view^ — ^he termed the variation 
^Uuni-solar." It will be seen later, however, that there is a true lunar semi-diurnal 
variation which remains unchanged throughout the course of a lunation, as well as 
luni-solar components governed by the position of both bodies. As to Chambers' 
expression for the variation, while it is numerically correct, it does not aid in 
interpreting the phenomenon, because it depends on two complex curves f^^ 2 (^) and 
fs, 2 (^^)? fo^ which no analytical expression was obtained ; these two curves are not 
independent, as will appear later. 

§ 8. FiGEE determined the harmonic coefficients of the diurnal and semi-diurnal 
components of the variation at each lunar phase, and came to the conclusion that ^^ a 
regular variation of the movement of the magnetic needle with the moon's phases is 
not indicated by the observations at Batavia."J It will be shown, on the contrary, 
that the Batavian observations agree with those made at other places in manifesting 
considerable regularity of change with lunar phase. 

§ 9. Moos§ has made the valuable suggestion that the luni-solar variation may be 
regarded as a simple lunar variation the amplitude of '' part of which goes through 
a series of wave-like changes in the course of a lunation." He multiplies each hourly 
value of the mean lunar variation determined from a whole month by 1+ cos(^ + i/), 
where t is the lunar time reckoned from upper culmination (one hour equalling 
15°), and v is the angular measure of the moon's age, reckoned as 0° at new moon, and 
changing through 360'' in the course of a month. Curves showing the results of this 
calculation are exhibited for comparison with the observed curves, for the eight lunar 
phases, for the element of declination. The general similarity of the two sets of 
curves is sufficiently striking to show that the suggestion is in the right direction. 
It will be seen that this idea is, formally, much akin to Schuster's idea of variable 

* * Batavian Observations,' XXVL, Appendix, p. 195, §44. 

t Chambers, ^Phil Trans.,' A, vol. 178 (1887). 

I * Batavian Observations,' XXVL, Appendix, § 44. 

§ * Bombay Magnetical Observations,' 1846-1905, vol. IL, §526. 
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conductivity, and is most naturally interpreted in that way. Moos, however, seems 
not to have thought of the matter in this simple light, but speaks of changes in the 
radio-activity of the earth's crust, due to a tidal action, as possibly responsible for the 
luni-solar changes, perhaps by ionizing the atmosphere indirectly ; and also of the 
reflection by the moon of ionizing radiation from the sun."^ 

§ 10. Since the mean variation of any element over a whole lunation is almost 
exactly a semi-diurnal wave, Moos's expression is equivalent to 

2 G08 {2t-{-t^)[l + cos {t-\-p)] = Gos{t-\-tQ-p)-\-2cos{2t + tQ)~{-ooB{3t + tQ-\-v), . (A) 

though he did not himself write it out formally thus. The examination of the data 
by harmonic analysis, which is effected in the third part of this paper, is the best 
means of numerically testing Moos's suggestion, being preferable to a mere comparison 
of two sets of curves by eye. The desire to apply this test partly occasioned the 
present re-examination of the existing data, which also has in view the comparison 
of the results of these past determinations of the lunar magnetic variation (on which 
enormous labour has been spent) to see how far they confirm one another, and gauge 
the possibility of obtaining accurate information from them. 

Moos's suggestion implies the presence, in the lunar diurnal variation at a 
particular lunar phase, of first and third harmonic components of amplitude equal 
to half that of the semi-diurnal component, and with phase angles which respectively 
decrease and increase by 45° with each change of lunar phase, the epoch of the 
second component remaining constant. No other relations or components would 
satisfy the above equation. 

§11. The calculations from the observational data show that while first and third 
harmonic components possessing the above phase relations are present, the amplitudes 
are not generally in accordance with Moos's equation. Moreover, a fourth harmonic 
component, which was calculated in the first instance merely because to do so involved 
scarcely any trouble after the other components had been computed, was also found 
to be present, of quite appreciable amount, and obeying an unexpected phase law ; 
its phase angle increases during each lunation by 47r, twice the amount of change in 
the phases of the first and third components. 

There is considerable accidental error in the determinations of the phase angles and 
amplitudes at each lunar phase, as, of course, the material is much subdivided. While, 
however, the phase angles go through an easily recognizable monthly cycle, the 
amplitudes show no regular variation with lunar phase (the mean of a number of 
lunations is dealt with, of course, so that perigee and apogee occur at different phases 
during the period). The mean of the amplitudes at the separate phases gives, 
therefore, the best determination of the amplitudes of the first, third, and fourth 

^ * Bombay Magnetical Observations,' 1846-1905, vol. XL, §527. It may be mentioned that earlier 
investigators had regarded the lunar variations as possibly due to the direct or indirect action of induced 
magnetism in the moon, arising from solar or terrestrial magnetism, or both. 
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components, as well as of the second ; and similarly, by correcting the separate phase 
angles by the amount indicated by the regular phase law, and taking their mean, the 
accidental error of the determined phase angle at any particular lunar phase can be 
much reduced. In this way, as described more fully in § 27, the expression of the 
lunar variation at every period of the lunation, complete as far as the fourth harmonic 
term, is obtained. It is found that the amplitudes of the first and third harmonics 
are often unequal ; sometimes their amplitude exceeds that of the second component, 
but generally they are less, down to about half this amount. The determined values 
of C and Iq in the formula 

Ci cos {t + tj -p) + G2 cos {2t + CO + C3 cos {8t + C' + ^) + C4 cos (4^ + 1^'^^' + 2v), (B) 

which has been found to fit the observations, are given in Tables XI., XII., and XIII. 
for all the stations and elements for which data were available. Moos's representation, 
it is seen, though it pointed in the right direction, is of too simple a character to 
represent the phenomenon ; the solar excitation which it indicates is a matter which 
concerns the whole earth, and this action cannot be represented by a simple harmonic 
factor at each individual station. 

§ 12. Schuster^ has calculated the effect of an atmospheric oscillation with a 
velocity potential Qg^ (which is also the main component of a lunar diurnal tide)t in 
producing, under the influence of a variable conductivity of amount 

p = ^^(l+y cos ft)), 7 = 1 

(where w is the zenith distance of the sun from each particular point on the earth's 
surface), magnetic variations of one, two, three and more periods in the solar day. 
Adopting the rather more general expression 

/) = /)o[l+y' cos + y sin cos(X + ?^)], (C) 

where 6 is the colatitude, X is the longitude, and X 4- i^ is the local time, he finds that 
the resulting magnetic potential (apart from a constant factor) is of the form 

^^~7 P/Q/ ^^11 W ' (D) 

o-=.o2n-{-l cr^i2n + l 

where Q,/sin {t(X4-^) — a} is the velocity potential. The coefficients pj and qj are 
numerical constants which depend on v and p ; their values are tabulated in the paper 
referred to. 

It is shown in Part II. of the present paper that the above equation (D) holds 
good, whatever be the functional relation between p and w, and this calculation is 

* *PhiL Trans.,' A, vol. 208, p. 163. 

t Qn'^ represents the tesseral function sin<^ Od'^TJdu.'^, where P,^ is the zonal harmonic of degree n. 
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adapted, in § 23, to cover the case of the luni-solar magnetic variations. It is there 
shown that the equivalent expression to (D) is in this case (apart from a constant 
factor) 

^ |^P/Q/sin{<r(x+0-a + ('r-2).} 



o- = 



+ Z ^^q/Q,rsin{a{X + t') + a + {a+2)v} (E) 

This expression, it should be noticed, consists of series of harmonic components of 
one, two, three, and more periods in the lunar day, with phase angles which depend 
on the age of the moon. In the second series the phase angles increase by 2 (o' + 2) tt 
per lunation ; this phase change is very rapid, even for the diurnal term, and with the 
lunation divided up into not more than eight parts, hardly comes within the range of 
observation, even if the coefficients g/ were of the same order of magnitude as the 
p/ coefficients. The theoretical values of g/ are, however, much less than those of 
the important members of the p/ set of coefficients, and therefore this part of the 
magnetic potential can be neglected. The other part consists of terms of period 27ro-, 
whose phase angles increase by 2(a---2) tt per lunation; thus the phase of the first 
harmonic decreases by 27r each lunation, that of the second component remains 
constant, while the third, fourth, and higher components increase by amounts 27r, 47r, 
67r, and so on. This, however, is exactly the law of phase change which is indicated 
by the formula (B), which was determined empirically from the observations. 

At new moon, when v = 0, the formula indicates that all the harmonic components 
should have the same phase angle, or differ by 180 degrees exactly (since the 
coefficients may be of different sign). The data obtained in this paper show a very 
satisfactory agreement with this conclusion, when the extreme smallness of the whole 
phenomenon is considered. 

§13. The amplitudes must next be considered. The actual calculations necessary 
for the comparison of theory and observation are given in § 25, and only the results 
obtained will be cited here. It appears that as regards the relative magnitudes of 
the first three components in the lunar variation, there is tolerably good agreement 
with the results derived either from Schuster's simple theory p/p^ = 1 + cos o), or 
from the more general theory of Part II. of this paper. The numerical constants 
{p/po = 1 + 3 cos w + f cos^ ft)) might be altered to fit the observations better, but it 
seems hardly worth while to do this till better observational material is available. 
The given constants were chosen to represent a function which should have a large 
maximum at midday, and should be small and nearly constant during the night 
hours. 

§ 1 4. The deciding factor between the two expressions for p/p^ is found to be the 
amplitude of the fourth harmonic component. Three tables are given in § 25 to 
illustrate this. They give the ratio of the amplitudes of tKe four harmonic compo- 
nents to that of the second component, for the three elements X, Y, Z, The first 
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table is that calculated on the hypothesis /o/po = 1 + cos w, the second that calculated 
from p/pq = 1 + 3 cos w + f cos^w, and the third gives the observed values. The simple 
form of p gives altogether too small a value for C^/Cg, while the second expression for 
p gives values of the right order, at any rate. Perhaps the detailed calculations 
in Part II. have not been carried to a sufficient degree of approximation, as the 
expressions for pj do not converge very rapidly. When better data are available, 
this point must receive consideration. Enough evidence, however, has been brought 
forward to show that the fourth harmonic component of the lunar variation favours 
the hypothesis that the conductivity during the night hours is small compared with 
its value during the daytime,"^ and that the rate of recombination of ions in the 
upper atmosphere (assuming this to be the seat of the effect) is rapid, as would 
naturally be expected. 

The proper discussion of the observations, whether of the lunar or solar magnetic 
variations, can only be made on the basis of a reliable determination of the numerical 
coefficients of the various tesseral harmonics in the potential, derived from a number 
of observatories properly distributed over the globe. The significance of the lower 
harmonics in the lunar variation makes it desirable to obtain the terms in the 
potential down to those of the fourth type (Q/)— -not only for the lunar variation, 
but also for the solar variation ; its fourth harmonic shows a sufficient degree of 
constancy, at most observatories, to entitle it to respect as having definite physical 
significance. 

Part II. — Mathematical Theorti. 

§ 15. The problem in hand is to determine the current function of the electric 

currents induced in a spherical shell of fluid by its quasi-tidal motion across a radial 

magnetic field of force, the electric conductivity of the fluid at any point being a 

known function of the angular distance between that point and another (that with 

the sun at its zenith) which uniformly rotates round the axis of the sphere. The 

velocity potential i/r of the motion will be expressed as the sum of a number of terms 

such as 

Q,/ sin (r . A + i^ — a), 

where Q^,'" is a surface harmonic of degree m and type r, and X is the longitude 
measured towards the east from some standard meridian, at which the local time is t. 
The colatitude and zenith distance of the sun will be denoted by Q and w respectively ; 

* It is not asserted that any observational evidence has been brought forward in favour of the particular 
numerical constants here chosen for p, but only that the observations indicate the presence of an 
appreciable term in p depending on cos 2w, and that this term, if present, may be expected, on general 
physical grounds, to be of such a sign as to diminish the value of p at night as compared with the value 
by day. — June 11, 1913. 
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if S is the declination of the sun, evidently we have 

cos CO " sin S cos 6+ cos S sin 6 cos {\ + t) 

where 

X = sin S cos 0, 2^ ~ cos S sin 0, //. = cos {\ + t). 

The conductivity and resistivity at the point (0, X) will be denoted by p and /c' 
respectively, p/ being, of course, equal to unity. For the present we shall suppose 
that p and k are finite and continuous functions of w, so that they can be expressed 
as Fourier's series in cos noo over the range 0, tt ; p will certainly satisfy this 
condition, and the case of p ~ 0, k == oo will be considered later. Further, it will be 
assumed possible to express k as a Taylor's series in cos co, and it is in this form that 
we shall suppose the resistivity to be given, as one of the data of the problem. 
Theoretically this is a limitation of the problem, as there are some functions which 
cannot be expressed in the form stated ; for instance, if the conductivity were 
proportional to cos oj in that hemisphere on which the sun is shining, and zero or 
constant over the other hemisphere, k could not be so expressed. But in reality 
nothing of value is lost, as any continuous function can be approximately expressed 
in the form of a Taylor's series to any desired degree of accuracy. 

[Some further explanation of this use of series may be desirable. The series used 
in the analysis are all written as infinite ones, for the sake of formal simplicity and 
theoretical completeness. In the detailed execution of the work, however, only a 
finite number of these terms can be utilized, as workable general expressions for the 
coefiicients in the current function R cannot be obtained. The actual procedure, 
therefore, must be to take a finite number of terms of the Foltrier's series for />, 
transform this into a polynomial in cos w (this also, of course, will have only a finite 
number of terms), and work out the coefficients of E in terms of the coeflficients of 
this polynomial to as great a degree of accuracy as is practicable and desirable. 
This is the course of the work in §§ 18-20, where the terms {a + h cos w + c cos 2^^) of 
the Fourier's series for p are taken, and the expression for R is worked out as far as 
concerns the terms in a, 6, 6^, and c. The resistivity l/p is introduced into the 
calculations for purely mathematical reasons, on account of certain analytical 
advantages which it seems to offer. The results obtained in this way, in terms of 
the coefficients of p, might be got otherwise by an extension of the method used by 
Schuster. This identity of results is clear from the fact that if the Fourier 
coefficients of p are small enough the Taylor's series for l/p is absolutely convergent, 
and the legitimacy of the use of l/p is in this case immediately evident ; the formal 
results, however, do not depend on any property of convergence, so that the results 
obtained by using l/p remain equally valid with those obtained in any other way, 
even though the series for l/p should become non-convergent. This is one of many 
instances in which it is possible and advantageous to use expressions which may 
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become iion- convergent to obtain results which can be got less simply in other ways. 

Whether the final result is convergent depends in this case only on p^ and not on the 

processes of analysis used to deduce R from p. — Added June 11, 1913. 

We shall write, therefore , 



CO 



K — Cae S d^ cos^' w^ = GaeK^ 







where C, 6, and a are constants (introduced for convenience) whose meaning will be 
explained later, and the coefficients d^ are given numbers. Expanding cos^ w in terms 
of /x, we have 



00 



fc ^ E (^^ (.0? + 2yfAy 







CO 



2 e„ . i2yY . m" 







00 



^ /fj + 2 X f cos j3 (X + 1), 



where 



p 
1 



00 

e^ — Zj ij^p^p • ^i+p ' ^ 3 

?, = 



and (since 

2»^-V^ = 2"^"'cos'^^(X + e) = cosw(X + ?^)+,,Acos(w---2)(X + ^) + „A.cos(m--4)(X4-^)+...) 
/' is given (for p ^ O) by 



00 



Here we have written 






^P^Q — ' p + 2q^q^p + 2q* 



In virtue of the definitions of e^ and a^^ ^ , we have 

Next we consider the differential coefficients of /c. We have 

d 



I 



dx ""^""^ 



22j9 £, sin _p (X + 0, 






ff T" 

We shall write f^^ for -~^ ; evidently we have 



CD OO 



fp = i?/^""^ cos (5 cos 02 (p + 2g) a^^ gV'^'^—y^ sin ^ sin ffZ (^ + 1 ) oLp^i, ^+i2/^^. 
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§ 16. Following Schusteh's notation and treatment, the earth will be regarded as 
a uniformly magnetized sphere of radius a, whose magnetic potential may be resolved 
into the zonal harmonic of the first degree and the tesseral harmonic of the first degree 
and type. The former harmonic is much the larger of the two, as the inclination {(p) 
of the magnetic to the geographical axis is small. The radial force can be expressed as 

V = C cos + C tan (p sin 6 cos A, 

where C is a constant not differing much from — | (the force being measured positive 
outwards), and X is now the longitude measured from the meridian (68° 31^ west of 
Greenwich) containing the magnetic axis. 

The components of electric force, X and Y, measured towards the south and east 
respectively, are 

sin 6 d\ ad 

\p^ being the velocity potential. 

If we express X and Y in the form 

Y — ~ 4- ~ c?R Y — - -^§_— — £ ^^ 

do e sin 6 d\' sin 9dX e dO ^ 

where k is the known resistivity and e the thickness of the conducting atmospheric 
shell, the function R will be the current function of the electric currents produced by 
X and Y (neglecting electric inertia). The function S is the potential of a system of 
electric forces which in the steady state are balanced by a static distribution of 
electricity revolving round the earth, and causing a variation in the electrostatic 
potential which is found to be too weak to affect our instruments. 
To determine E we shall eliminate S, thus obtaining the equation 

/.x dX. d f-xr • ^\ 1 d fri d^'BX , d fr\ • ndJi\ 

(1) -^ — Y sm = -z — ; -7- (JaK -r— + -7- (Ja/c sm 6 -7-- . 

^ ^ d\ d9\ J smOdxK dxj. de\ dO } 

Instead of using the resistivity /, Schuster worked with the conductivity p (using 
the special form l-\-h cos co), in order to avoid the difficulties introduced by ''' the high 
and possibly infinite values which // would take when the conductivity sinks low or 
vanishes.''^ These difficulties, however, are found not to-be serious, and the work 
is greatly simplified by the use of /, which enables E to be determined directly, 
without first evaluating S, as is necessary when p is kept as the variable quantity. 
The investigation can also be made much more general, without formal complexity, 
when K is used. 

^ Schuster, *Pliil. Trans.,' A, vol. 208, p. 190. 
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Recalling the expressions for X, Y in terms of the velocity potential xfr, the left- 
hand side of the last equation, after division by Ca sin 0, may be written'^^ 

1 



^2) ~- _-— -. \jn {m + 2) {m—r+l) Qm+i+im-l) {m+ 1) (m + r) Q,,,,^/] sin (r . X + t-a) 

+ ^^^^ [{(^-1) Ob+ 1) Q„._/+^-m Ob + 2) q,,,,^r'] sin (r . xTi + X--a) 
2 (2m + 1 ) 



+ { — (m — 1 ) (m + 1 ) (m + r) (m + r — 1 ) 



T-l 



+ m (m + 2) {m—r-i- 1) (m— t + 2) Q„,+i'' ^} sin (r . X + ^— X — a)]. 

The right-hand side of our equation for R, after division by Ca sin d, becomes 
equal to 

/^x K f d^ , ' /x d ' ^ d\ry , f dH die , dll dK 

^ ^ sm^ewX^ do do J XsmOdX BiiiOdX dd dd, 

We suppose R to be expressed as the sum of a number of tesseral harmonics 
p/Q/ sm{orX^—a^)^ where p/ is a numerical coefficient, X^ has been written for X + ^, 
and or ranges (possibly) from — 00 to 4- co. The contribution of each such term to the 
total value of the last expression is easily seen to be the product of p/ into 



CO 



r^(n+l)Q/sin((7X^--a^) {fl + 2^fp cospX^} 

1 

^2 A ^^^ {(tX^—ol^) ^pfp sinpX', 
sm 6 1 



+ 2^^sin(^V--aO {/o + 2i/^ cospV}, 



where we have inserted the values of k and its differential coefficients, and have 
transformxed the first line by means of Laplace's equation 

sin I- sin ^%f~ + ^^ +n (n+l) sin^ . Q/ = 0. 
dO ad dX 

So far fp and /[^ have been defined only for positive and zero values of ^ ; we now 
extend the definition by the equations 

-*-■ -X- -A. / ■ ■ M ■ mill « "m" 

Jp J —295 J 2? ~~~ J ~p' 



^ 



IMcL, pp. 188, 189. 
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This enables us to write expression (3) in the form 



n {n+ 1) Q/ 2 j^, sin (a-+p . X^ — a^), 



00 



n \^ 



"~""~^'"H ^ Pfp ^"^^^ (^+P • X' — 06^). 



sin^ 



00 



+ ^Q_»! 2/' sin (,T+p . V-a'): 



00 



where 



+ 00 



R/ (p) sin {cr+p , X^ — a^), 



2^ 



:;= — 00 



R/ (p) EE (-^ (^+1) q/-^^f^+f 



1 <i'Qjn 

^ do 



When p is positive, substituting our expressions for f^ and f'^, we find 



00 



n/{p) = Xa^,^y"i. 



q=r.Q 



n 



sm (9 



1/^ 



00 



-, A ^M? 



+ 2 (p + 2g) a ,^^^^ . i cos (5 cos 9 ^^f- -'^'^ 



-y' 5 



00 



— 2 (g+ 1) a^_i ^ . 1^^^ . sin (^ sin . 



<^^n ..^ 



00 



= J COS (^ 2 ot^^ ^^ 



2^ 



Q==0 



{p-\-q) (cos 



rfQ/ ^Q/\ + ^ /^^, g ^ ^ a^Q/^ 



do sin 0/^ 



dd sin 0y 



—^(^+1) Q/ sin0 
-sin (5 i (6i+ 1) a^__i,,^i|/^^ . sin ^^ . y^\ 



y'-\ 



Since, in the original equation for R/(p), a change in the sign of p only affects the 
term crQ//sin (9 in the first term, from our last expression we may at once write down 
the value of E/ (-p), p being positive, by changing the sign of (rQ/fsm 6, Thus, 



00 



R/(-p) = icos,5 2a,,,«/2« 



q = 



(p + g) (cos 



do ^ sin or ^\ 



do sin 0, 



00 



n{n+l) Q/sin0 



y 



,p-l 



-sin ^ 2 (g + 1) a^_i,^+i/^ sin - 

§17. For convenience and clearness, some well-known formulae of transformation 
will now be set down. These have been much used by Schuster in his papers, and 
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the equations, and some formulae derived from them, will be denoted by the same 
Roman letters which he uses/^ 

(2?i+l)cos0Q/ ^ (ti-o-+l) Q,,_,_i^+(n + (T) Q,,.„i^ . ....... (A) 

- {nA-a){n+a- :0Q« -,°'" '-(«-'^+ 2)(«~-a-+ :L)Q„+r\ (C) 

'^'^^^n + a'){n + ^--l)(l,^r' + il,_^r\ ...... (D) 

sm Q 



_,/+l + (w■~<7 + 2)0^-a■+l)Q„+l"-^ (E) 

^^' = (« + <T)(«-o-+l)Q,r'-'-Q,r', ..(F) 



(2k+i)(cos 0^-^') - -{«Q„,^"+'-(«+:l.)Q„_r'"}: 

\ ad sm 



o--]] 



(2« + l) (cos '^ + ?;^-4) = i« {n~a + 2) («-a+ 1) Q„.,i--' 
\ ad sin w 

+ (rH- 1) (ri + o-) (ft + ff—l) Q„__, ; 



(2« + 1) sin — >^ = ?j (ri-o-+ 1) Q,.n°'-{»+ 1) (ft + o-) Q„„i''; 



-1 



Making use of these equations, v^^e obtain the following expressions :~-~ 

CO 

z yzin-Y i j 5 = 
+ g {% {TO-0- + 2) (w-a-+ 1) Q„+i"^H(w+ 1) (n + o-) (w + o— 1) Q„„i"-i}] 2/'' 

- ^^:- 2 (g+ 1) a^_i.,^i2/^« [^^ («-o-+ 1) il,^{-{n+l) (« + a-) Q^] ?/^'. 

In Ii/(— j)), the second term remains the same, while the expression in square 
brackets in the first term becomes 

These expressions for R/ ( ±p) are of the type 

Now by equations (B) and (C), it is evident that Q/"^V^""\ Q/~V^"\ ^i^^ Q/?/^' can 
be expressed as the sum of a number of tesseral harmonics all of type cr+jp or all 
of type (T—p (at will), and of degrees ranging, by steps of 2, from v±{p—l), 
v±{p — l) and v±p respectively. Further multiplication by y^"^ can be so arranged as 

^- Ibid., pp. 187-189, 
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to leaTe the type unchanged, while extending the range of the degrees by 4g. Also 
by equation (A), the coefficient a, which, it will be remembered, is a power series in 
cos 0, leaves the type unchanged while it increases the range of the degrees of the 
resulting tesseral harmonics. In every case, therefore {p positive or negative), R/ 
can be expressed as the sum of a number of terms such as Q^'*^"^^. Therefore if we 
write ^ for the sum of all the expressions (2) resulting from each term Qj sin (TV—a) 
in the velocity potential ^r, the fundamental equation (l) for R takes the form 

(4) -t = 2 { 2/(;/'^Q„-"+''sin(<T+jp.X'-a')}, 

P =:: ~ 00 n', or 

where h,/'^ is a coefficient whose value can be determined in terms of pj and the 
coefficients d^ in the Taylor's series for k. By equating the coefficients of harmonics 
of the same degree and type, on the two sides of the equation, we obtain equations 
to determine the coefficient p/ in terms of the djs and the known constants of 
the velocity potential. In practice this must be done by a process of successive 
approximation. Knowing, from the form of the above equation, which is linear in 
p/ and d^,, that every coefficient jp/ can be expressed as a TayloiVs series in 

7 7 7 

-jT ) ;r > 77^ ? and so on, we can determine this series by successively assuming that 

(a/q COq CCq 

d 
all save one particular variable --f are zero, and considering this variable alone, it 

may easily be seen that the phase angle of every term in R arising from a particular 
term in ^ is the same as that of the latter. 

§ 18. Schuster has worked out the values of p/ for the special form of conductivity 
already mentioned, and for the two terms Qi^sin(X^~a) and Q/sin(2X^~a) in the 
velocity potential, to the fourth order of approximation, and he finds that the 
numerical coefficients of the terms are such that only the first order term (depending, 
in our notation, on djd^) are large enough to be detectable by observation. The 
present calculation will not be carried so far, therefore, and will not include terms of 
higher order than (^3/(^0 or {d^jd^f. Also, since in the expression for ^ the term 
depending on the inclination of the magnetic to the geographical axis is multiplied 
by the small factor tan <!>, the part of R depending on this term will only be calculated 
as far as the first order d^jd^. Further, since the actual atmospheric oscillations seem 
to be mainly performed in the simplest mode possible, so that m = r for the principal 
terms, the second order terms will be neglected for the smaller harmonics in the 
velocity potential ^r, for which m ^ t. 

We therefore consider the terms in R which depend upon a term A,/Q„/ in ^, 
where m^ and r^ are quite general, except that in the terms depending on d^jd^ we 
shall suppose m' =- r'+l (since Q„/ = when r' > m\ the term in (2) depending on 
Qw-/ vanishes when m = r). 

It will first be necessary to write out the developed expressions for R/(0), 
R/(±l)5 R/(±2) as far as the terms in d^. No other values of p in R/(j)) give 



JU*J\) 
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terms containing do? ^i? ^2- It is convenient to write down first of all the values of 

fo^ fi^ f23 f^Q^ f\^ f^2y omitting dg and higher terms. 



JO" 



e2y\ 



e^-V'ie^y^, e^ ~ dQ + diX + d-jX^, 
e^y, 61 = di-\-2id{x, 

le^y cos (5 cos 0— gj sin i5 sin 0, 
|-ei cos <5 cos 6—2e2y sin (^ sin 0, 
e^?/ cos § cos 0. 



E/(0) = -n{n+l)doQ/ 









{2n + l){2n + 3) 

C?2 cos^ ^ 

(2n+l)(2??, + 3) 



[3n (n + S) Q„+2"+ {4n2-w' (« + 1) (2«+ 1) 



(w+l)(2n + 3)}Q/]. 



As already stated, in the last two lines we have substituted o- = n— 1 in working 
out the numerical coefficients, as also in all other terms with dz as factor. 



R/(i) 



di cos (5 



2(2ri+l) 

c?, cos § sin § 



n{n + 2)Q,^r' + in'-l)Qn^^''■''] 






(2w+l)(2n + 3) 



2w(w + 3)Q„+2"+^-~(2w' + 3w'-5w-3)Q/+'; 



R/(-l) = 27^f^[^(« + 2)(«-o- + 2)(n-.+ l)Q„,<' 



(«-l) (n + l) {n + a) (« + o— 1) Q^-i""^^ 



+ 



d,cos SsinS ^^^^ ^^^_ 3^ q,,J-^ + {2n {2n-l) (r^ + 6) 



R/(2) = 



tl'M ( Z) — 



n 



(n + 3) 



4(2ra+l)(2w + 3) 



— r-dg cos O . '<j„4.2 



cZ, cos^ (5 



(2«+l)(2n + 3) 



[-30n(7^ + 3)Q„^2'^-=^ 

+ {3w(« + 3)(2«-l)(7i-l) 

+ 3 (w-l) {7i-2) (7^ + l) (2n+l)} Q/- 
-{n-2f {n^-l) {2n~S) {2n+l) Q^^a"^"]. 



■2 



If in the above expressions the term Q,,~^ occurs, it may be replaced by 



EAETH'S MAGNETISM PEODUCED BY THE MOON AND SUN. 



297 



§ 19. Consider now the terms arising from a term A^j'Q^>''' sin (rX^—a) in %. The 
only term of corresponding type involving (io, on the right-hand side of equation (4), 
which does not vanish, is 

—p,/'m! {mf + 1 ) d^Q,/ sin (r X^ — a^) . 



Consequently, to order ifd^^ 



Pm' 



A / 



m^ {m! + 1 ) d 



~ , and a^ 



a. 



and no other term is of order ifd^. Next, taking terms of order d^fd^, it is evident 
that these can only arise from R^/''' (O), R„/(±l), which involve c^iQ,„/±/, diQ^.'i/'^^ 
Equating the sum of the coefficients of the terms containing these harmonics, with 
factors d^ and di, to zero, we get the following general expressions for p^'±{\ Pm'±/'^\ 
to order dijd^ : — - 



/• 



Pm+l 



— c^i sin § m! (m^ —r+l) 



do {m^ + 1) {2m^ + 1) 



T 



Pm'-l 



Pm' + l 



T +1 



(5) 



i 



dj sin S (m'+l) (m'+T) / 
c^o m'{2m'+l) ^™' ' 



1 '^i cos S m! y 

^ d, (OT'+l)(2m'+r)^™' ' 



Pm — 



t'+I 



, 1 dicosd m! ■\-\ 



Pm -k-l 



t'-1 



= 4- 










I 



{m^+l)(2m^+l) 



i> 



m ? 



Pm- 



T-l 



— «-.! c?i<^QS^ (m^+l) (m^ + Tp (m^ + T^— l) 



•^ 



V 



d 







m^(2m^+l) 



p../ 



If the type of any of these coefficients exceeds the degree, it must be set equal to 
zero. No other terms are of order d^\d^. 

So far no restriction has been placed on m' and r . In making a further approxima- 
tion, we shall not write out general expressions, but shall consider the effect of the 
second order terms (dsM and d^jdi) on two specific terms in the velocity potential 
of the atmosphere, viz., Q^^ sin (x'-ai) and Q/ sin (2X'-a2), which give rise in % 
to terms 

-Q/sin(V-ai) and -'^fm mi{^ -a^. 

The terms of the proper order on the right-hand side of (4) are (a) those involving d^ 
from R^/(±2), and (6) those involving dild^ from 1\^±/ (p) and '^^'J^^i^p) 
where p = 0, ±1. 
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Considering the diurnal variation first, the terms (a) are found, from the formulae 
at the foot of p. 296, to be 

4-4p/ [(eQ/'-lSQ/) cos^ S sin (x'™-ai)-(l2Q/+ 16Q/) sin^ § sin (x'-a,) 

-{(4Q/+3Q/) sin (2X'~-ai)-(48Q4'"™6Q/) sin {-a,)} sin S cos S 
-J-Q/ cos^ ^ sin (3X^-oti) + 3 (Q/-Q2O cos^ ^ sin (-X^-ai)], 



and the terms (b) are 



P3^cli[{-(ttQ/-fQ/)sin{2X^-^aO + (¥Q/-^fQ/)sin(-^^a^^ 

-(¥Q4^+¥Q/)sinasin( 

+i>i'^i[{-i-Q2'sin(: 
1 .r. 2 ^ r/ ir>n 3 ^' . 



cos (5 



sin ^ sin (X^— •%)], 
+Pi^ ^1 Lt ~'tS;2*' sm {Y^A — ai) + Q2^ sin ( — cti)} cos ^— Q2^ sin S sin (x^ — %)], 

+P,'d, [{-ilQ/ sin (3X^~-aO + (4^Q/-~-4iiQ/) sin {x'-a,)} cos ^ 

^(M)Q/+ 4i)Q/) sin S sin (2V 

+P3'c?i[(-MQ/ + tQ2') {sin(x'-ai) + sin(--V"-"ai)} cos S 



oc 



L/J? 



+Pi' ^1 C{~-2-Q2' sin (X'-oci) 



'2 



-Q^ sin (— X^— %)} cos ^— 2Q2^ sin S sin ( — %)]. 



The sum of the coefficients of any particular term Q/sin (crX^ — cti) in the above, 
must be equated with p/n {n-}-!) Q/ sin (o-X^ — %), The values of pj thus calculated 
are given in Table I. It should be remarked that Q,,™^ has been replaced by 
— QJfn (^+1), and the coefficient of Q„^ sin (x^ + oci) will be denoted by g,/. 

§ 20. The second order terms arising from the semi-diurnal atmospheric oscillation 
are similarly written down as follows : — - 

{a) pid, [{(f Q/-4Q/) cos^ ^-(¥-Q/ + 4Q/) sin^ 8) sin (2X^^a2) 



+ {{-^-^i-^i) sin (3X^-"a2) + (-^^^Q/-6Q/) sin {W-a.^)] sin 8 cos 8 
^ i\Q/ cos^ 8 sin (4V-a2) + (l2Q/-~ Y-Q/-~\^-Qi^) cos^ ^ sin (^^2)], 



(&) 



i^2^c?i[{-tQ3'sin (2X^^a2) + (^#^Q.^ 



..|0,o 



\ 5 ^3 ' 5 '^1 / sm u sm I A ^1/ 
+pld, [{(-tQ/ + |-Q/) sin {2^-a,) + {^-i-q,'-^-i-qi) sin (-a,)] cos ^ 



Qi^) sin ( — ctg)} cos 8 



- 3 Ws 7 sm (, — a2J/ cos d 
~{¥Q5' + ¥-Q/)sin<5sin(x'. 

+p/(^i [{-(-|Q3^+¥Q/) sm (3A'-«,) + (|Q,i-i^Qii) sin (x'-a,)} cos ^ 

-|Q3^sin<5sin(2X'-«2)], 



.)], 



+i^M[{(-tQ/ + tQ/)sin(3X'. 



•25Q3^) sin (\' —a^)} cos (5 
8Qg^4- lOQg^) sin (5 sin (2X'— ag)]) 

+P,^d, [{— IQ5* sin (4X'-a2) + (8Q, 



-(8Q/+10Q/) 
|5^-35Q3^) sin (2X'-«2)} cos ^ 

-{¥Q/+¥Q/)sin,5: 



The values of p^ calculated from the above expressions are given in Table II. 
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Table I. — Velocity Potential Qi^ sin (X + t — a^). 



^' ' Gel 432 d;' 252" ' d' V ' dj' 



1 



i.i/() 



— __ 3 dl cos S 







— J_ ^1 COS (! 



1 



3 dl sill (5 



^^ 20 do^ ' 



pi 



2 d, sin f5 



4 5 do 



2 ' 



pi^ 



1 (ii cos ^ 



90 d:' ' 







K - 7 



L <^/ sin S cos (^ !_ sin 8 cos (^ / ^ (i/\ 

'2 4^^ 42 d} \ '" Z/ ' 



__ 2 sin ( ^ cos (^ / 7 di^' 



o (Xq \ (Xq / 



^'■= i4b(«=-'''-iK*-f) 



sin ^ cos 8 dl __ sin 8 cos ^ / 7 dj 



144 (io' 84(io' \ c^^ 







2 __ ___ sin (5 cos f5 / , df 

^" ~ 210 d/ r'~^ 



' ~ IQmdA ' dJ' 



"^^^ ~ "14.4 ■d'^'^SAdA dJ' 



n^~ '^O^' ^ (rl '^\ 

^•' ~ 280d?\ ' do/- 

2 Q 2 
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Table II. — Velocity Potential Qg^ sin(2X + ^-~a2)- 



P^' 



1 



P- 






v^) .. <-.i/() 



16 di c_os S 
63 ~d 



2 ' 



__ 3 di cos S 



9 __ 8 di gin S 

^''^ '^63~df~' 

2 _____ 1 c?i sin S 



1 di cos S 

Tio ^7" ' ' 



8 cos^ / J _ ^ 



Id;' cos^ .5 _2_ cos^^ / , _ ^\ 
^=' " 36 d' "^15 d„^~V '~dJ' 



_ 4 cos^ / 7 __ c?i^ 

^' ~ 105 d„^ r' 'dj' 

1 8 sin S cos (^ / 7 c^' 

^^ ~ 35 c^/ "r^ c^o 



dj^ sin S cos (5 sin § cos ^ ( j __d^ 



1 — Ifi sin (^ cos ^ / 7 _ ^ 

2 _ 2 (3cos''(?-l) / V _ c^\ 

^'^ 525 d;? r^ dj 



3 ~ cZ/ sin (^ cos 8 __ si n (^ c os 8 f j dy . 
4 sin (5 cos ^ / 7 d^\ 



\ '^^0 

2- 



4 _ _C08^ U - ^ 

^■^ ~~3150(i/\ ' do/' 
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As this paper is primarily concerned with the lunar diurnal variation of the earth's 
magnetism, the numerical values of the coefficients p^ arising from expression (2) 
owing to the inclination of the magnetic to the geographical axis will not be written 
down here. This can at once be done, when necessary, from the equations (5), as 
also the terms in the current potential arising from diurnal and semi-diurnal 
atmospheric oscillations of degree higher than the type. 

§ 21. The main general result of our investigation is the same in form as that of 
Schuster's more special calculations, viz., that the current function R of electric flow 
induced under the action of the vertical force cos in a shell of air oscillating with 



a velocity potential A„,''Q,/ sin (r . X + i^— a), under the influence of a variable resistivity 
depending on the zenith distance {w) of the sun, is 



oo oo 



(6) AJ [ 2 p/Q/ sin {a- (X + e)-a} + 2 g/Q/ sin {a- (X + ^) + a}]. 



(T = <r= 1 



In order to obtain the magnetic potential of the variation caused by the flow of air, 
a factor — 47r(n+l)/(2n+l) must be inserted before each term Q/. 

We have considered only those terms in the resistivity which depend on cos cd and 
cos^ ft), though the general theory has been given for any number of terms. If then 

K = Cae (c?o + ^i cos w-i-d^ cos^ w), 
we have for the conductivity p, to the same degree of approximation, 



n ^1" ■J- cos ft)-- -J- 1 a'2'"" -J 



p = p^j J- 1 1 7^ COS ft)— -J- ( (ig— -J" ' COS^ ft) 



If we put 



this becomes 



Gaedo ^' d^ po do\ ^ Uq} p^ 



p = p()-\- pi cos ft) + /)2 COS^ ft). 



In Schustee's calculation, the last term was omitted, so that p^ was taken equal to 

zero, while pi cos ^ and pi sin ^ were written p^v and p^v respectively. If we make 

these substitutions in Tables I. and II., it is readily verified that the present results, 

as far as they go, reduce to those obtained by Schuster. The extra terms depending 

d^ 
on c^2— -j^ give the effect of the term cos^ w in p. 

§ 22. Finally, a word must be said with regard to the legitimacy of our analysis, 
considering the fact that if p falls to zero, k, the resistivity, must become infinite. 
Regarding the matter physically, it is evident that an infinite resistivity is not likely 
to introduce spurious terms into the current potential, and an examination of the 
equation (l) for R will show that an actual infinity in k would only lead to a 
zero term in R. But such an infinite term should not occur in the analysis, and it 
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is clear that by altering the constant term in p^ so that p never falls to zero, the 

above calculations become formally and really legitimate ; when we wish to return to 

the actual case we must appeal to the '' law of continuity," and the fact that our 

mathematics is applied to an ordinary physical problem, to allow us to pass to the 

limiting value of d^ in the final result. The latter is expressed as a power series 

in l/(io5 ^i^d if do is sufficiently diminished, this series might become non-convergent. 

But the actual results do not indicate any such behaviour, and are, as we have seen, 

identical with those obtained by Schuster's method (in which the conductivity only 

was considered), so far as the scope of the two calculations is the same. 

§ 23. So far the calculations have been kept quite general, in that no relation 

between the causes of the variable conductivity and of the atmospheric oscillation 

has been assumed. Thus they may both be caused by the sun, in which case the 

mathematics is that applicable to the theory of the solar diurnal variations of the 

earth's magnetism. Without much modification, however, they may equally well be 

adapted to the case of the lunar diurnal variations. We shall consider it sufficient, 

for our purpose, to regard the solar and lunar periods as equal at any one time, 

allowing for the slow cumulative effect of their inequality by introducing a variable 

phase angle v into the expression for cos w^ the quantity on which p and k depend. 

Thus 

cosw = sin^cos + cos^sin0 cos {X-\-t' -\-v), 

where t' is now the local lunar time of the standard meridian (measured from upper 
culmination), and v measures the lunar phase, increasing from to 27r from one new 
moon to the next. The velocity potential will be Q/ sin (2X + ^^— a). The calculations 
will be formally the same if we now change the meaning of X^ to X + ^' + i/, so that the 

velocity potential becomes 

Q/sin(2X'-a-2j>). 

Thus by equation (6) the current function obtained is 



00 CO 



2 PnQ,n sin {a-\'-a-2v} + 2 g/Q," sin {a-\' + a + 2v) 

cr = (T ~1 

00 00 

o- =0 0"= 1 

The terms on the left of the last line change in phase through an angle 2(or— 2)7r 
eacb month, viz., —2ir for the diurnal term, zero for the semi-diurnal term, 
+ 27r for the third component, and +47r for the fourth component, as the observa- 
tions indicated. The terms on the left change phase by 2(cr + 2)7r each month, 
a change so rapid that it would be difficult to detect in the observations, 
afiected as these are by accidental error. The coefficients g/, moreover, are very 
small, so that altogether these terms are negligible. 

One interesting result of the analysis may be noticed here, viz., that the main 
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lunar term in the magnetic variation, Q;/, has a coefficient p,^ which does not (to the 
order of accuracy of our calculations) show any dependence on solar declination. Thus 
any seasonal change in this term of the magnetic potential cannot be referred to the 
effect of the varying declination of the sun. This is not quite the case with regard 
to the main diurnal term in the solar diurnal magnetic variation. 

§ 24. We will now consider what are likely values of p^jp^ and yoa/po to substitute in 
our formulae, in order to get a comparison with the observed data. The conductivity 
should rise to a maximum during the daytime and fall to a minimum about midnight. 
It cannot actually be less than zero, though it is not so clear that it is better to have 
the least value of p zero than to have it slightly less, in order to make the mean 
nightly conductivity small in amount. However, we will keep to this condition, and 
make /Ojnm, = ; it is found that the following is a very satisfactory expression for the 



representation of a function of which is large for values of up to -, and much 



smaller, while never negative, from = — to tt : — 

p = /Oo(l + 3ya + |/(x^).'^ 

The following table and figure gives the value of 4yo/yoo for every 10°. It is seen 
that the mean of the nine day values is 24*1 times that of the nine night values. 
The function has a physically false maximum at midnight, but this is of very small 
amount, and some such feature cannot be avoided with so simple an expression 
for p : — 



CO. 


0°. 


10°. 


20°. 


30°. 


40°. 


50°. 


60°. 


70°. 


80°. 


90°. 


^p/po 


25-0 


24-5 


22-2 


21-1 


18-5 


15-4 


12-2 


9-2 


6-4 


4-0 


(0. 


100°. 


110°. 


120°. 


130°. 


140°. 


150°. 


160°. 


170°. 


180°. 




^p/po 


2-2 


0-9 


0-2 


0-0 


0-1 


0-4 


0-6 


1-0 


I'O 





"^ I might remark here that in working out Part II. of this paper I had not contemplated the possibility 
of the coefficients of p/pQ being greater than unity, as seems to be necessary if the atmospheric conductivity 
is small and nearly constant at night. The size of these coefficients makes it necessary to carry the 
calculations some steps further than I have already done, before a sufficient degree of approximation is 
arrived at. The present work suffices, however, to establish the point with which I am most immediately 
concerned, viz., that the size of the fourth harmonic in the lunar variation is inexplicable with the form 
a + 5 cos 0) for p, while the addition of a term c cos^ w introduces a fourth harmonic in the theoretical 
result, which agrees, as to order of magnitude, with the observed quantity. Better observed data are now 
being obtained, and concurrently I shall proceed to carry the theoretical calculations further, in order to 
test the exact numerical agreement between theory and observation. — June 11, 1913. 
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DAY 



rr 
2 



NIGHT 



7( OF SUN iXJ 



Diagram illustrating the assumed form for the atmospheric conductivity 

p = Pq (1 + 3 cos 0) + 1- cos^ (o). 



§25. Substituting the values 



di/d^ =4-3, 



do 






4-9. 



in the expressions for p/ in Table II. (the table which relates to the lunar variation), 
we get the following values for p^Gaep/. The terms for which cr = are omitted, as 
they merely produce a monthly change in the mean magnetic elements. 



PoCaep/. 



(T. 


n. 






1. 


2. 


3. 

|-i sin 8 COS 6 
1 

2^-0 sin S cos 5 


jL • 


5. 


1 

2 
3 
4 


if sin 8 cos 8 


i| COS 8 

^^y sin 8 


~ r^ COS 6 

^|t sin 8 
tI cos S 


- ^y\ sin 8 cos 8 
- ^^ ^S coq2 S n 


35-gr \^o tub I J 

^ J"-^ sin 8 COS S 

1 /o C0S2 S 
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The following are the values of the corresponding tesseral harmonics : — ■ 

Q/ = sin 0, Qa^ = 3 sin cos 0, Q^ = f sin (5 cos^ 0—1), 

Q/ = 1 sin (70 cos^ 0-15 cos 0), Q5' == | sin (63 cos' 0-84 cos' + 3), 

Q/ = 3 sin^ 0, Q3' = 15 sin^ cos 0, Q/ - ^ sin^ (14 cos' 0-1), 

Q/ ::z. i-|i>. sin' (3 cos^ 0-2 cos 0), 

Q/ = 15 sin^ 0, Q/ = 105 sin^ cos 0, Q/ = ^^ sin^ (9 cos' 0-2), 

Q/ =105 sin* 0, Q,^ = 945 sin' cos 0. 

Since all the stations for which we have observational data, in Part III., are 
tropical, we shall consider the values of X, Y, and Z for such stations only. Hence, 
in our expression for V, the magnetic potential (which we must now use instead of 
the current function), all terms containing cos' may be neglected, and will be 
omitted. Thus we get 

TT /4 5q ^ sin cos , r, 7 • ^ . siu 0\ /./ , X 

V = f ft)^ COS () . ~ h Tsii) si^i o cos 6 — ^^7- cos (X' + 1/— a), 

+ j(J^+ ll- . 3 cos^ (5-T) ^'^' ^ .f ^^ ^ + !"(, sin ?> . ^^\ cos (2X'-a), 

, /r, sin^0 cos ^ , 9«i t. ^ .sin^0\ /o^/ \ 

-f. ( -|- _ cos a + 154-0 sm a cos a — ~ ! cos (3X — ?/ — a), 

, OT 2 ^ sin^0 COS0 /i^/ o \ 
+ 220 cos-^ S . J— cos (4X'-2j;-a). 

In the above expression, the terms depending on sin § represent the main seasonal 
effect. Since 

Y __ ^JL Y — rfV 7 -- _ ^X 

a0 sm aX rfr 

it is evident that when cos0 is put equal to zero after the differentiation, only the 
terms in V which do not contain cos will contribute any result to Y and Z. But 
the above equation shows also that these terms always contain sin S, so that at 
equatorial stations Y and Z change sign in passing from summer to winter. 
Tables XI. and XIII. corroborate this sufficiently well, especially when it is 
remembered that the stations are not quite equatorial, and that the obliquity of the 
magnetic axis also produces a disturbing effect. A further interesting consequence 
of the above equations is to indicate that at the equator the terms in X which 
depend on sin S, i.e., the seasonal terms in the horizontal force variation, vanish. 
This agrees with the known fact that at tropical stations the X variation hardly 
changes throughout the year. Table XII. illustrates this, especially for the most 
nearly equatorial observatory, Batavia (6° S.). 

For comparison with observation we shall write down the values of the ratios 
of the amplitudes of the first, third, and fourth harmonic components to that of the 
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second ; for X we take the mean value of cos S in onr equations, and neglect the 
seasonal changes ; for Y and Z the terms in cos 6 and sin S are taken separately. 
The values of the amplitudes of the second component in the several cases are 
also given. It should be remarked that our calculations have not been carried 
sufficiently far to give the seasonal variation of the fourth component, but it is less 
important than the term in cos 0, for such stations as Bombay. We thus obtain the 



following table :— 












C1/C3. 


O3/C2. 


C4./C2. 

1 


O2. 

i 
1 


X 

Y (cos 6) 

(sin S) 
Z(cos^) 

(sin S) 


0-61 
0-31 
0-04 
0-41 
0-05 


0-47 
0-70 
0-55 
0-62 
0-49 


0-13 

0-27 

0-22 


2-61 

5-22 cos i9 
1-01 sin 8 
7-83 cos (9 
1-52 sin 8 



From Schuster's calculations, taking p/po — 1 + cos w, the following table of values 
of C/Cg, in which the seasonal changes are disregarded, is obtained:— 





C1/C2. 


C3/G2. 


O4/O2. 


X 

Y (cos 0) 

Z (cos 0) 


0-67 
0-33 

0-62 


0-38 

0-58 
0-46 


0-002 
0-003 
0-0025 



Our observational data only allow us to make the roughest possible comparison 
with these calculations, and the following table is enough to give an idea of what 
agreement is present. It is got by taking the mean amplitudes at Bombay, Batavia, 
and Trevandrum (as many as afford data in each case) for the whole year, combining 
the columns April to September and October to March together by simply averaging 
the amplitudes regardless of phase. 



1 

! 


O1/C2. 


C3/O2. 


X 
Y 
Z 


0-94 
0-50 
0-85 


0-42 
0-64 
1*06 




The size of the fourth harmonic shows that the term cos^ w in p/po has distinct 
importance, for without the presence of such a term, as the second of the above 
tables show, there should be no appreciable fourth harmonic at all As regards the 
other harmonics, there is little to chose between the two expressions for p/p^, though 
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the more complex one might be made to fit better than the above figures mdicate, if 
the constants of the formula were altered a little. This^, however, is not worth while 
doing till better observational material is to hand. 



Part III. — -The Observational Material. 

§ 26. The following are the data which were available for examining the dependence 
of the lunar magnetic variation upon lunar phase :— 



Station and period. 


Sub-division of montb. 


Seasonal division. 




Declination. 






Trevandrum (1854-64) . . . . . 


Four quarters of month 


Separate months of year. 




Bombay (Chambers) (1846-71) . . 
(Moos) (1872-8^) . . . 


Eight phases 

35 3) 


Nov.- Jan., Feb.- April, 
Aug.-Oct., April-Sept., 
Nov. -Jan. 


May-July, 
Oct.-March. 


Batavia (1883-99) 


5) >J 

Horizontal Forge. 


April-Sept., Oct. -March. 




Bombay (Chambers) (1846-73) . . 
(Moos) (1872-89) . . . 


Eight phases 


As for declination. 
Nov. -Jan. 




„ (1873-79, 1881, 

1883-85) . . . 

Batavia (1883-99) 


J> 33 
33 33 

Vertical Force. 


;\iay-July. 

April-Sept., Oct.-March. 




Bombay (Moos) 

Batavia (1883-99) 


Eight phases 

33 53 


As for declination. 

33 53 





For purposes of comparison, the Trevandrum results for the separate months of the 
year have been combined into the four quarters and the two half years (as for 
Bombay) ; also the 25 hourly values have been reduced to 24. 

The separate tables of the 24 hourly values will not be repeated here, nor the a 
and &, and C and 6 coefficients of the first four harmonic components which have 
been calculated from those tables. The harmonic formula used has been 

ai cos t + &i sin ^ + ag cos 2t + b^ sin 2t + ag cos 3t + &3 cos St + a4 cos it + b^ sin U, 
Ci sin (H- 0i) + Cg sin (2/^ + 0^) + . . . . 

In the case of all the coefficients a, b, Q, the adopted unit is 10""^ C.G.S. units of force 
(the declination results were also reduced in terms of force), and this was reckoned 
positive towards the North, West, and upwards (H, D, V). 

§ 27. The tables of harmonic coefficients showed that they were subject to an 
accidental error of amount small in itself, but quite a considerable fraction of the 

2 R 2 
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whole effect. This is not surprising when the minuteness of the lunar variation is 
considered. The tables showed some outstanding features, however, in particular 
the constancy (within reasonable limits) of G2 and 62 ; 0^, Gg, C4 are generally smaller 
and rather more irregular in amount for the eight phases. The phase angles 6^ 
shoAved a fairly regular increase through 27r with the moon's age, while 9^ showed a 
less regular decrease of the same amount. No regular change in ft^ was noticed, 
partly because C4 is small and 64 therefore not well determined, till the Batavian 
summer declination results were considered ; in this case the fourth harmonic 
happened to be exceptionally large, and the phase therefore better determined. 
This clue having once been obtained, the same feature, viz., a monthly increase of 
47r in the phase angle 6)4, was verified to be present in most other cases, where C4 
was not too small. The examination of the phase laws followed by the harmonic 
components was first undertaken by means of vector diagrams, and independently of 
the theoretical considerations which suggested themselves later, and which are 
embodied in §§ 12, 23. 

The real test of the phase laws suggested by the vector diagrams was made, of 
course, by correcting the phases by the amount through which the law indicated they 
had changed from the period of new moon. The corrected values, 6^ (where 



e\ = 


= Qi+v, 


e\- 


= 0,, 


&',-- 


- 6g—v, 


e\- 


= 0^-2,, 



V being the moon's age, in angular measure, at the particular lunar phase considered) 
should then all be the same (for the same value of the sufiix and different 
values of v), apart from accidental error. The Tables III. to X. show that this 
is the case, generally, as far as we have any right to expect, though, in some 
instances, the agreement is not very apparent. Even in these cases, however, 
the mean value of 0' frequently agrees so closely with the mean value of 6^2 ^^ to 
show that the phase law is acting, though its manifestation is obscured by large 
accidental error. This agreement between Q\^ O'g? ^^s^ ^^^ ^\ i^ ^ noticeable feature, 
of which, as Vfell as of the monthly changes of phase, the theory of the lunar variation 
gives a satisfactory account (§23). On general grounds, too, it is to be expected 
that if any simple relation exists at all between the phase angles of the four harmonic 
components, this relation should assume the simplest form (which proves to be 
equality) at new moon, when the sun and moon are on the same meridian. The 
equality of the phase angles at new moon points to a single exciting cause (the lunar 
atmospheric tide being suggested) of the four components. 

The regular monthly change in the values of 0i, 03, and 6^ results in the 
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disappearance of the corresponding harmonic components from the lunar variation, 
as determined from the mean of a whole number of months. It is found, indeed, 
that any such component still remaining is of purely accidental character. 

As to the amplitude of the various components, this appears to be independent of 
the lunar phase, the irregularities being accidental. The mean of the amplitudes at 
the separate phases has therefore been taken as the best value of the true amplitude, 
except that a correction has been applied to allow for the fact that the instantaneous 
amplitude is greater than that deduced from the mean of a few days, during which 
the phase is varying. Thus, if we tabulate a function c Q>o^{nd-{-hv), where is the 
lunar hour angle (one hour = 15°) and v the age of the moon in angular measure, in 
lunar hours for successive days over an interval of the month v^ to V2, the mean result 
may be taken as 

c (cos nO cos kv—mi nQ sin hv) 



where cos hv, sin hv are the mean values of these functions over the range vi to j/g. 
This equals 

sin-"-(i/i-^,) / j^ 

0^-j± _____ cos f n0 + ~ i/i + j^2 

showing that the phase of the mean wave is equal to the true phase at the mean 
time, but that the amplitude is reduced in the ratio 

' h t s 

The corresponding factors to counterbalance this are for Trevandrum, where v^—v^ 
is one-quarter of a month, or ^, . 

lll(Oi, C3) and 1-57(04), 

and at other stations, where vn—v. = -, 

4 

r02(Ci, C3) and 1*11(04). 

The values of the mean amplitudes, thus corrected, and of the phases of the 
four components, reduced to new moon, for all the stations, are summarized in 
Tables XI.~XIII. 

The resolved parts of the amplitudes in the direction of the mean phase (where 
the separate values of 0^ depart much from the mean) might have been taken, but 
this would not have altered the mean amplitude greatly, and seemed hardly worth 
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while in view of the large accidental variations of the determined amplitudes. In 
Tables XI.-XIII. the values of the mean phases 6^ have been characterized by 
affixes 1, 2, 3, 4, 5, representing (in descending order of merit) the reliability of the 
mean as judged from the accordance of the separate values of Q\ Only the numbers 
marked 1 to 3 can be considered at all satisfactory. 

As regards the accordance of the results from the same or different stations, the 
best feature is the extremely good agreement between Chambers' and Moos's values 
for Bombay, for different periods of time and for different instruments.^ 



* Yan Bemmelen, in his paper in the ' Met. Zeitschr./ May, 1912, already referred to, remarks that 
the two computations do not agree at all, but this must evidently be due to a mistaken reduction of 
Chambers' results, which he quotes at three times their proper value. 



Table III, — Trevandrum. Declination West. 



Lunar phase. 


Ci. 


O'l. 


Gg. 


^2. 


C3. 


0',, 


O4. 


0\. 









Novemb 




er-Janus 


bry. 










New moon 


96 


294 


204 


285 


96 


306 


15 


259 


First quarter 


36 


270 


162 


266 


90 


252 


15 


313 


Full moon 


75 


220 


162 


263 


66 


296 


12 


254 


Last quarter 


45 


261 
261 


162 
172 


277 


75 


300 

288 


9 
13 


246 
268 


Mean . . 


63 


273. 


82 


New moon 






iebruary-Apri 


- .t 


339 


11 


43 


U 


5 


90 


291 


45 


First quarter 


54 


3 


105 


310 


60 


331 


3 


6 


Full moon 


36 


-114 


102 


318 


39 


367 


11 


- 9 


Third quarter 


57 


- 29 


114 


353 


51 
49 


363 


10 


86 


Mean , . . 


58 


326 


103 


313 


350 


9 


31 



The unit of force in the tables of amplitude is 10 "^ C.G.S. unit. 
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Table III. (continued). 



Lunar phase. 


Ci. 


^'i. 


C2. 


^2. 

1 ° 

y-July. 


C3. 


O'z. 


yJ4,. 


O'^, 




i 


Ma 












New moon 
First quarter 

Full moon 
Third quarter 


57 
72 
54 
13 


115 

72 
43 
98 


72 
63 
39 
42 


84 

90 

102 

71 

87 


60 
30 
36 
45 


70 

130 

93 

96 


15 

12 

8 

21 


62 

272 

27 

- 37 


Mean . . . 


49 


82 


54 


43 


97 


14 


81 








August-October. 








New moon 
First quarter 

Full moon 
Third quarter 


39 
36 
81 
33 

47 


39 

92 

43 

140 


36 
42 
63 
39 

45 


134 
174 
139 

184 


18 
16 
39 
15 


149 
214 
160 
187 


4 
16 
15 
17 


141 
167 
324 
203 


Mean . . . 


78 


158 


22 


177 


13 


209 








April-Septembe 


T. 








New moon 
First quarter 

Full moon 
Third quarter 


51 
45 
66 
12 


73 

50 

37 

6 


69 
45 
30 
24 


88 

95 

106 

67 


48 
24 
36 
21 


82 
116 
100 

96 


13 
5 
6 

10 


59 

- 56 

- 23 

- 56 


Mean , . , 


43 


42 


42 


89 


32 


98 


8 


341 








October-March 


• 








1 

New moon 
First quarter i 

Full moon 1 
Third quarter ' 


60 
12 
51 
54 

44 


32 

- 3 
-141 

- 57 


162 
135 
135 
120 


282 
276 
273 
289 


75 

78 
48 
51 


306 
296 
301 
316 


6 
14 
10 

5 


253 
330 
294 

228 


i 
Mean . . . 


318 


138 


280 


63 


305 


9 


276 



The unit of force in the tables of amplitude is 10 ^ C.G.S, unit. 
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Table IV. — Bombay (Chambers), Declination West. 



Lunar phase. 



1 
2 
3 
4 
5 
6 
7 
8 



Mean 



On 



e\. 



C2. 



0,. 



Oh. 



6', 



August-October, 



73 


125 


111 


112 


19 


160 


68 


150 


68 


93 


92 


150 


41 


104 


62 


131 


33 


96 


89 


124 


53 


126 


68 


127 


44 


48 


83 


104 


23 


71 


93 


138 


44 


103 


83 


129 











63 
32 

39 
38 

78 
22 
68 
65 



51 



108 
110 
152 
116 

99 
128 

89 
117 



115 



April-September. 



October-March. 



Kja. 



18 
19. 
23 
12 
20 
6 
30 
19 



18 



BU. 



108 
31 

211 
241 

49 
(82) 

45 
135 



117 



1 


71 


97 


106 


100 


55 


107 


13 


- 30 


2 


45 


105 


96 


117 


58 


109 


18 


29 


3 


55 


90 


76 


119 


33 


108 


14 


277 


4 


52 


120 


64 


91 


57 


86 


11 


9 


5 


33 


75 


71 


108 


75 


114 


17 


95 


6 


60 


135 


63 


124 


38 


108 


20 


197 


7 


17 


64 


68 


90 


58 


107 


8 


20 


8 


31 


82 


70 


120 


45 


111 


14 


248 


Mean . . . 


45 


96 


66 


109 


■ 
■52 


106 


14 


106 



1 


15 


374 


83 


240 


15 


257 


3 




2 


22 


207 


62 


239 


13 


433 


15 


400 


3 


23 


314 


82 


250 


36 


239 


26 


151 


4 


45 


169 


62 


229 


11 


148 


10 


360 


5 


47 


196 


36 


256 


3 


* 


7 


270 


6 


31 


225 


54 


247 


8 


297 


8 


180 


7^ 


31 


247 


66 


239 


8 


209 


17 


156 


8 


27 


240 


62 


228 


19 


176 
251 


8 


107 


Mean , . . 


30 


246 


63 


241 


14 


12 


' 232 



The unit of force in the tables of amplitude is 10 '^ CG.S. unit. 
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Table IV. (continued). 



Lunar phase. 


Ci, 


^'i. 


C2. 


^2« 


C3, 


^'3. 


^54. 


^'4. 






o 




November-January. 










1 


21 


256 


104 


245 


29 


235 


14 


168 


2 


19 


304 


79 


239 


13 


212 


21 


424 


3 


33 


327 


111 


247 


62 


229 


34 


209 


4 


51 


184 


114 


235 


36 


202 


5 


(136) 


5 


79 


192 


93 


255 


48 


252 


32 


226 


6 


66 


227 


110 


229 


45 


248 


12 


98 


7 


85 


236 


119 


245 


56 


209 


33 


190 


I S 


60 


249 


86 


237 


49 


220 


7 
20 


(266) 
219 


Mean . . . 


52 


247 


102 


241 


42 


228 








February- April. 








1 


72 


392 


32 


238 


19 


45 


4 




. 2 


32 


283 


13 


222 


42 


76 


11 


32 


3 


29 


265 


54 


263 


18 


- 30 


13 


53 


L. 


43 


183 


23 


318 


42 


56 


18 


- 60 


5 


34 


288 


32 


355 


33 


17 


7 




6 


13 


170 


22 


293 


51 


48 


14 





7 


37 


304 


13 


296 


22 


55 


28 


127 


8 


26 


378 


30 


218 


9 


40 


18 


- 26 


Mean . . . 


36 


270 


27 


275 


30 


38 


17 


21 








May-July. 








1 


71 


96 


93 


98 


25 


104 


34 


296 


2 


77 


103 


109 


106 


63 


101 


17 


19 


3 


58 


79 


92 


109 


36 


93 


17 


260 


4 


93 


121 


88 


93 


67 


64 


24 


7 


5 


.43 


85 


78 


102 


72 


64 


28 


102 


6 


57 


149 


79 


113 


46 


100 


29 


- 29 


7 


14 


138 


66 


91 


48 


96 


25 


- 55 


8 


28 


18 


64 


92 


51 


104 


29 


240 


Mean . . . 


55 


99 


86 


101 


51 


93 


25 


105 



VOL. OOXIII.- 
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DR. S. CHAPMAN ON THE DIUENAL VAEIATIONS OF THE 



Table V. — Bombay (Moos). Declination West. 



Lunar phase. 


Ci. 


^'i. 


Cs. 


^2' 


Ca. 


O'z, 


O4. 


^'4. 









1 
November- January. 










1 


55 


210 


143 


236 


61 


233 


18 


268 


2 


63 


285 


58 


234 


33 


178 


29 


93 


3 


52 


252 


145 


240 


81 


217 


38 


238 


4 


5 


115 


96 


227 


48 


205 


37 


166 


5 


21 


167 


129 


234 


69 


233 


11 


252 


6 


46 


156 


125 


222 


75 


215 


25 


210 


7 


28 


244 


80 


216 


38 


230 


4 


223 


8 


43 


195 


96 


225 


61 


204 


8 
21 

i 


95 


Mean . . . 


39 


203 


109 


229 


58 


214 


193 



Table VI.^ — Batavia. Declination West. 



1 

2 
3 

4 

5 
6 
7 
8 



Mean . 



Liinar phase. 


Ci. 


^'1. 


G2. 


(93. 


C3. 


^'a. 


C4. 


9'i' 









ApriM 



^eptembe 


ir. 







Q 


1 


38 


38 


40 


104 


14 


173 


12 


263 


2 


59 


147 


49 


167 


35 


312 


20 


240 


3 


20 


99 


41 


115 


17 


251 


10 


239 


4 


43 


295 


36 


13 


13 


321 


14 


232 


5 


1 




12 


6 


30 


269 


28 


264 


6 


16 


251 


33 


119 


17 


206 


20 


235 


7 


18 


203 


29 


255 


34 


257 


21 


256 


8 


11 


189 


10 


270 


14 


225 


28 


227 


Mean . . . 


26 


175 


31 


131 


22 


264 


19 


244 








Octob 


er-Marcl 


1. 









85 
44 
34 
83 
84 
68 
12 
53 



58 



280 
177 
346 
171 
276 
178 
347 
173 



243 



238 
172 
175 
130 
237 
154 
181 
148 



179 



278 
266 
268 
257 
288 
264 
264 
260 



268 



153 
126 
131 
104 
148 
144 
131 
97 



129 



291 
290 
283 
289 
296 
283 
282 
284 



287 



16 
61 
62 
51 
68 
68 
32 
23 



48 



299 
300 
237 
395 
320 
301 
304 
323 



310 



The unit of force in the tables of amplitude is 10 ^ O.G.S. unit 



EAKTH'S MAGNETISM PRODUCED BY THE MOON AND SUN. 



315 



Table VII. — Bombay (Chambees). Horizontal Force. 



Lunar phase. 


Ci. 


i 

0'i. 


C2. 


^2« 


C3. 


^'3. 


O4. 


0',. 






1 o 


' November- January . 










1 


124 


180 


178 


188 


50 


183 


28 


192 


2 


68 


173 


107 


179 


52 


220 


23 


125 


3 


103 


123 


102 


152 


53 


183 


14 


340 


4 


155 


166 


133 


178 


14 


168 


3 


60 


5 


78 


180 


123 


172 


63 


• 208 


29 


178 


6 


161 


196 


151 


173 


53 


235 


29 


305 


7 


136 


212 


135 


195 


54 


177 


47 


207 


8 


191 


200 


149 


177 


63 


198 


38 


229 


Mean . . . 


127 


179 


135 


177 


50 


198 


26 


204 


February- April. 


1 


68 


185 


98 


164 


18 


190 


15 


34 


2 


96 


191 


90 


165 


47 


202 


. 52 


190 


3 


78 


184 


110 


156 


42 


172 


8 


(135) 


4 


97 


148 


93 


182 


27 


285 


64 


222 


5 


77 


145 


48 


179 


11 


(297) 


24 


178 


6 


143 


181 


45 


155 


21 


199 


12 


124 


7 


24 


(25) 


30 


(250) 


30 


344 


29 


136 


8 


189 


181 


70 


176 


54 
31 


225 
231 . 


52 


95 
140 


Mean . . . 


97 


174 


73 


168 


32 


May- July. 


1 


62 


225 


50 


275 


20 


158 


18 


46 


2 


71 


157 


88 


163 


9 


103 


9 


60 


3 


52 


214 


83 


174 


47 


135 


12 


-12 


4 


33 


151 


50 


101 


20 


82 


18 


- 8 


5 


35 


126 


16 


184 


17 


164 


16 ^ 


82 


6 


50 


283 


60 


243 


9 


25 


11 


68 


7 


46 


237 


16 


297 


13 


66 


38 


66 


8 


152 


152 
193 


60 


172 


39 


269 


38 
20 


-24 


Mean . . . 


64 


53 


202 


22 


125 


34 



The unit of force in the tables of amplitude is 10 '' C.G.S. unit. 
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DE. S. CHAPMAN ON THE DIUENAL VAEIATIONS OF THE 



Table VII. (continued). 



Lunar phase. 



1 
2 
3 

4 
5 
6 

7 
8 



Mean 



Ci. 



e\ 



Oq. 



e. 



C.q. 



0'. 



August-October. 



67 
99 
102 
72 
43 
93 
63 
93 



79 



195 
254 
250 
145 
139 
180 
101 
178 



180 



24 
76 
41 

92 
48 
36 

27 
72 



52 



211 
178 
198 
186 
184 
147 
146 
148 



175 



12 

24 
41 
38 
10 
18 
35 
32 



26 



309 
127 

283 
207 
246 
326 
33 
2 



192 



April-September. 



C4. 



1 

38 
8 

26 

23 
8 
8 

13 



16 



^'4. 



100 
45 
184 
206 
325 
35 
127 



146 





















1 


82 


211 


43 


239 i 


9 


237 


20 


54 


2 


74 


195 


91 


163 


8 


123 


18 


141 


3 


77 


234 


76 


181 ' 


8 


162 


20 


™ 15 


4- 


72 


160 


53 


158 ' 


24 


219 


9 


80 


5 


35 


162 


33 


197 


15 


151 


17 


110 


6 


33 


212 


35 


197 ! 


12 


127 


7 


26 


7 


23 


224 


18 


278 


3 




22 


68 


8 
Mean . . . 


136 


118 


61 


171 


16 


264 


11 


- 31 


66 


190 


51 


198 


12 


183 


15 


54 








October-March 


L. 






\ 


1 


78 


173 


115 


177 


34 


176 


15 


171 


2 • 


58 


201 


92 


181 


51 


206 


1 27 


139 


3 


74 


140 


93 


149 


50 


187 


10 


138 


4 


101 


153 


115 


179 


8 


180 


29 


208 


5" 


71 


147 


93 


171 


37 


231 


32 


205 


6 


149 


185 


93 


172 


39 


253 


14 


287 


7 


52 


186 


85 


187 


30 


201 


30 


183 


8 


170 


193 


113 


169 


52 


201 


13 


166 


Mean . . . 


94 


172 


100 


173 


38 


204 


21 


187 



The unit of force in the tables of amplitude is 10 " O.G.S. unit. 
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Table VIII.: — Bombay (Moos). Horizontal Force. 



Lunar phase. 


Ci. 


^'i. 


C2. 


^9- 


C3. 


^'s. 


G4. 


B\, 






o 




November-January. 









• 


1 


129 


126 


145 


170 


71 


169 


43 


177 


2 


162 


232 


151 


177 


95 


183 


11 


207 


3 


164 


143 


129 


179 


79 


210 


36 


241 


4 


86 


201 


140 


190 


85 


183 


44 


207 


5 


101 


171 


166 


180 


80 


198 


14 


212 


6 


161 


175 


133 


151 


66 


192 


69 


241 


7 


112 


156 


89 


152 


59 


167 


17 


189 


8 


113 


178 


107 


172 


15 


119 


38 
34 


60 


Mean . . . 


128 


173 


132 


171 


69 


178 

■ 


192 


1 


85 


185 


May- July. 










48 


185 


58 


306 


53 


301 


2 


122 


229 


22 


263 


46 


6 


28 


358 


3 


76 


267 


67 


. 194 


8 


261 


13 


304 


4 


68 


195 


28 


180 


22 


51 


22 


292 


5 


87 


227 


72 


117 


14 


210 


15 


291 


6 


75 


112 


40 


228 


40 


192 


13 


254 


7 


86 


229 


18 


172 


10 


186 


4 


234 


8 


139 


216 


88 


179 


20 


165 


24 


409 
305 


Mean . . . 


92 


207 


.48 


190 


27 


172 


22 



The unit of force in the tables of amplitude is 10"'^ C.G.S. unit. 
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DE. S. CHAPiMAN ON THE DIUENAL VARIATIONS OF THE 



Table IX. — Batavia. Horizontal Force. 



Lunar phase. 


Ci. 


^'i. 


C2. 


$2. 


Og. 


^'3. 


^4. 


^4* 











April-September. 










1 


118 


215 


99 


250 


18 


251 


23 


"" 34 


2 


64 


126 


62 


222 


36 


143 


3 




3 


11 


72 


46 


184 


18 


242 


14 


93 


4 


70 


169 


68 


200 


24 


155 


9 


22 


5 


122 


221 


70 


279 


29 


288 


15 


-136 


6 


11 


144 


78 


197 


50 


128 


1 


. — 


7 


43 


105 


19 


173 


22 


408 


14 


30 


8 


55 


107 


64 


213 


32 


121 


32 


130 


i 

Mean . . . 


62 


145 


63 


216 


29 


217 


14 


21 








October-Marct 


I. 








1 


68 


203 


SQ 


249 


52 


230 


26 


163 


2 


41 


36 


52 


198 


36 


166 


19 


277 


3 


70 


190 


115 


231 


75 


205 


13 


191 


■ 4 


8 




80 


190 


34 


149 


29 


209 


5 


45 


207 


74 


252 


35 


204 


34 


280 


6 


50 


92 


68 


197 


47 


315 


51 


275 


7 


92 


100 


98 


194 


62 


200 


13 


270 


8 


65 


148 


95 


200 


23 


125 


33 


220 


Mean . . . 


55 


122 


83 


214 


45 


199 


27 


236 



Table X.— Bombay (Moos). Vertical Force (upwards). 



Lunar phase. 


Oi. 


o\. 


C2. 


02* 


C3. 


^'3. 


G4. 


^'4. 









Novemb 




ler-Janua 


^ry. 










1 


23 


230 


66 


272 


56 


259 


27 . 


259 


2 ■ 


10 


438 


32 


289 


35 


221 


19 


159 


3 


22 


149 


33 


246 


32 


240 . 


7 


310 


4 


12 


169 


52 


259 


48 


233 


20 


205 


5 


32 


220 


58 


262 


50 


259 


18 


284 


6 


31 


261 


67 


276 


38 


235 


10 


229 


7 


16 


449 


25 


279 


35 


234 


20 


250 


8 


12 


353 


32 


273 


37 


206 


16 


195 


Mean . . . 


20 


284 


46 


270 


41 


236 


17 


235 



The unit of force in the tables of amplitude is 10 "^ C.G.S. unit. 
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Table X. (continued). — Batavia. Vertical Force. 



Lunar phase. 


Oi. 


e\. 


C2. 


^2. 


O3. 


^'b. 


O4. 


^'4. 






o 




April-September. 










1 


66 


64 


157 


172 


17 


200 


13 


227 


2 


17 


21 


95 


199 


29 


284 


4 


248 


3 


42 


33 


86 


192 


11 


176 


15 


267 


4 


70 


74 


50 


178 


20 


345 


7 


247 


5 


80 


42 


94 


173 


11 


421 


17 


340 


6 


32 


-20 


62 


193 


54 


311 


22 


293 


7 


28 


7 


82 


194 


21 


286 


8 


264 


8 


59 


-12 


33 


181 


41 


321 


9 


311 


Mean . . . 


49 


26 


82 


185 


26 


293 


12 


275 








October-Marcli 


L. 








1 


47 


349 


36 


385 


113 


12 


38 


15 


2 


43 


293 


44 


335 


101 





26 


17 


3 


29 


367 


17 


351 


99 


6 


34 


3 


4 


27 


304 


26 


393 


74 


- 3 


28 


9 


5 


33 


427 


37 


368 


88 


- 4 


33 


27 


6 


94 


321 


33 


293 


75 


9 


59 


9 


7 


47 


286 


23 


327 


91 


4 


20 


45 


8 


14 


333 


8 


306 


64 





42 


-24 


Mean . . . 


42 


335 


28 


345 


88 


3 


35 


13 



The unit of force in the tables of amplitude is 10~^ C.G.S. unit. 
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DK. S. CHAPMAN ON THE DIUENAL VAEIATIONS OF THE 



Table XI. — Decimation West. 



1 

3 

4 



Nov. -Jan. 



0. 



6'. 



Feb.-April. 



0. 



ff. 



May-July. 



0. 



ff. 



Aug.-Oct. 



0. 



9'. 



April-Sept. 



0. 



B'. 



Oct.-March. 



C. 



Trevandrum. 



70 


2612 


64 


3263 


54 


172 


2731 


103 


3131 


54 


91 


2882 


54 


3501 


48 


20 


2682 


14 


312 


22 



Bombay (Chambies). 



The unit of force in the tables of amplitude is 10 ^ O.G.S. unit. 



e\ 



822 


52 


782 


48 


422 


49 


3183 


871 


45 


1581 


42 


891 


138 


2801 


971 


24 


1772 


36 


981 


70 


3061 


8P 


20 


2093 


13 


3412 


14 


2762 



1 

2 
3 
4 


53 

102 
43 

22 


2473 
2411 
2282 
2154 


37 

27 
31 
19 


2704 

2753 

382 

213 


56 

52 
28 


992 
1011 

931 
105^ 


45 
83 
52 
20 


1032 
1291 
1151 
1173 


46 
66 
53 
16 


962 
1091 
1061 
106^ 


31 
63 
14 
13 


2463 
2411 
25P 
2325 












Bombay (Moos). 


- 











1 
2 
3 

4 


40 

109 

59 

23 


2033 
2291 
2141 
1933 
















JBatavia. 










1 

2 
3 

4 
















' 


27 
31 
23 
21 


1754 
1314 
2643 
2441 


59 
179 
132 

53 


2433 
2681 
2871 
3102 
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Table 


XII.- 


—Horizontal Force. 










1 

2 
3 
4 


"STov. 


"Jan. 


Feb.- 


-April. . 


May-July. 


Aug.-Oct. 


April 


-Sept. 


Oct.- 


March. 


C. 

130 

135 

51 

29 


1791 
1771 
1982 
2044 


C. 

99 
73 
32 
36 


0\ 


C. 


e\ 


C. 


ff. 


C. 


0\ 


C. 

96 

100 

39 

23 


0\ 


I 

1742 
1681 
2314 
1403 


)ombay (Chambers 

66 1933 81 
53 2023 52 
23 1254 27 
22 342 18 


)■ 

1803 
1752 
1924 
1464 


m 

51 

12 

17 


1903 

1983 

1833 

543 


1722 
1732 
2043 
1873 










Bombay (Moos). 










1 

2 
3 

4 


131 

132 

71 

38 


1733 

1711 
1782 
1923 






94 
48 
28 
24 


2073 

1903 
1723 
3053 














1 
2 
3 
4 




— •■■ 






Batavia. 




















64 
63 
30 
16 


1454 

2152 

2173 

214 


56 

83 
46 
30 


1224 
2142 
1993 
2368 











Table XIII. Vei 


ctical Force, 












Nov. 


-Jan. 


Feb.-April. 


May-July. 


Ausj.-Oct. 


April-Sept. 


Oct.- 

c. 


March. 


c. 

20 
46 
42 
19 


e. 

2843 
2701 
2361 
2353 


C. 


e. 


0. 


0. 


c. 

00s). 


e. 


C. 


e. 


e. 


1 
2 
3 
4 


Bom 


bay(M 














" 




Batavia. 








1 

2 
3 
4 


















50 

82 
27 
13 


262 
1851 
2933 

2752 


43 

28 
90 
39 


3352 

3452 

31 

132 
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